In this paper, inspired by the "Minimum Description Length Principle" in classical Statistics, we introduce a new method for predicting the outcomes of a quantum measurement and for estimating the state of a quantum system with minimum quantum complexity, while, at the same time, avoiding overfitting.
Introduction
Let A be a quantum system. There are important problems about it: What is the state of the system? How can we know something about it? The only method at our disposal is measurement. Since quantum mechanics is statistical in nature we have to do measurement many times. But as we know after performing any measurement the state of the system changes drastically. To solve the problem, instead of one quantum system we consider a large number of quantum systems all prepared in the same state and perform measurement on each of them by the same measurement scheme. Other important problem is: Assume that we have n quantum systems prepared in the same state and we do measurement on each of them at the state by the same measurement scheme and we obtain a sequence of outcomes. Now assume that we have another quantum system prepared in the same state, and we want to know the outcome of performing measurement on the system by the same measurement scheme without doing it.
As we have said before, quantum states are generically perturbed by measurements, we have to perform measurement on many system all prepared in the same state. Then, the problem arises of what we can infer from the outcomes of n such measurement procedures about the n + 1-th of them. In order to solve these problems, we have to base our predictions on the information content of the first n measurement outcomes.
In the case of a binary string its information content is its Kolmogorov complexity. But we cannot use it here. Because, the Kolmogorov complexity is not computable. Moreover, since our work is in the realm of operator algebra, we prefer not to use coding theory.
In classical Statistics, to overcome the non computability of the Kolmogorov complexity, one uses a parametrized class of probability distributions and assume that the actual probability distribution belongs to this class. Then, by the maximum likelihood method or other methods, one may try to estimate the actual state. In this context, two problems appear:
1. when we do not know the actual state of the system, we do not know exactly which class of models it belongs to; 2. One can always perfectly reproduce a set of data by means of a wrong model, with hardly any predictive power, by inserting suitably many parameters, a phenomenon called overfitting.
To overcome these difficulties, J. Rissanen proposed the so called Minimum Description Length Principle in [26] , further developed in [25] , that has been used in many different fields: This method is based on generalized coding theory and on choosing an appropriate statistical model. In analogy with this approach, in the following we address quantum statistical inference by choosing an appropriate quantum model and an appropriate measurement scheme.
We emphasize that, even though highly inspired by the MDL principle, we do not use coding theory and we try to give a method for Quantum Statistical Inference avoiding the above mentioned difficulties. In the same vein, notations, definitions and conventions used in the quantum realm are directly inspired by their classical counterparts in [10] , so that comparison of quantum and classical frameworks should be straightforward.
We mention that the theorem 5.1 of [10] is proved for countable statistical model but our Theorem 4 generalizes it to arbitrary quantum model. Moreover, Proposition 15.1 of [10] is proved in one direction but the part one of Theorem 8 in this paper is proved in two directions.
A brief introduction to MDL Principle
The minimum description length (MDL) principle is a powerful method of inductive inference, the basis of statistical modeling, pattern recognition, and machine learning. It holds that the best explanation, given a limited set of observed data, is the one that permits the greatest compression of the data. MDL methods are particularly well-suited for dealing with model selection, prediction, and estimation problems in situations where the models under consideration can be arbitrarily complex, and overfitting the data is a serious concern. More precisely, given a probabilistic model, Shannon's coding theorems tell you the minimal number of bits needed to encode your data, i.e., the maximum extent to which it can be compressed. Really, however, to complete the description, you need to specify the model as well, from among some set of alternatives, and this will also require a certain number of bits. Hence you really want to minimize the combined length of the description of the model, plus the description of the data under that model. This works out to being a kind of penalized maximum likelihood the data-given-model bit is the negative log likelihood, and the model-description term is the penalty. [10] 3 Quantum preliminaries Given a separable Hilbert space H, in general infinite dimensional, with inner product ·|· , the set {|k |k ∈ N} will denote an orthonormal basis of H and its dual basis will be denoted by the set { k||k ∈ N}. The set of all bounded operators (resp. self-adjoint bounded operators) on H will be denoted by B(H) (resp. by B H (H)) and the set of all positive operators (resp. density matrices) on H will be denoted by B + (H) (resp. by D(H)). Finally, the Hilbert space of trace class operators of H will be denoted by B T (H), with scalar product defined by
with associated norm T 1 = Tr(T * T ). Let T and S be in B(H) and λ be a complex number; then, the ratio T /S will be defined to be T /S = λ, if T = λS, undefined otherwise.
The n-times tensor product of the Hilbert space H with itself will be denoted by H (n) := n j=1 H. Let (S i ) i∈I be a family of subsets of B(H). Then by i∈I S i we mean the set { i∈I s i |s i ∈ S i }.
The set of all partitions of X will be denoted by P(X).
Q-Projection
Let H be a Hilbert space. The collection of all complete sets of mutually orthogonal (minimal) projections P = {p 1 , p 2 , ...} onto H, with n=1 p n = 1 (completeness), will be denoted by π(H) (π 0 (H)).
Definition 1
Let P and Q be in π(H). We say that P is finer than Q, and we write P Q if for each two elements p ∈ P and q ∈ Q, pq is equal to p or 0.
We say that Q and P are consistent if they have a common upper bound with respect to this order relation. A subset of π(H) is called consistent if any two of its elements are consistent. we say that a consistent set A is maximally consistent if there is no consistent set B such that A B.
Definition 2
Assume that (X j ) j∈J is a family of subsets of a nonempty set X and X = ∪ j∈J X j .
1. We say that the set Y = ∪ i∈I<JX i is a maximally connected union of the family (X j ) j∈J if it is a largest subset of the set X with the following property:
For each proper subset K of I,
The set of all maximally connected unions of the family (X j ) j∈J will be denoted by ∧ j∈J X j . Clearly, ∧ j∈J X j is a partition of X.
2.
A nonempty subset Z of X will be called a maximally connected intersection of the family (X j ) j∈J , if there exists an element z ∈ X such that Z is the intersection of all elements of the family containing z.
The set of all maximally connected intersections of the family (X j ) j∈J will be denoted by ∨ j∈J X j .
Now, assume that P = {P i |i ∈ I} is a set of partitions P i = {P ij |j ∈ J i } of the set X. Then, clearly ∧ j∈J i ,i∈I P ij and ∨ j∈J i ,i∈I P ij are partitions of X and for each partition P i ∈ P we have
Let partitions P and Q of X be such that for all i ∈ I we have Q ≤ P i ≤ P . Then, it is straightforward to see that
Therefore, ∧ j∈J i ,i∈I P ij is the greatest lower bound and ∨ j∈J i ,i∈I P ij is the least upper bound of the set P .
Lemma 1
Let P = {P i ∈ π(H), i ∈ I}. Then 1. If the set is consistent it has a least upper bound and a greatest lower bound.
2. The set is consistent if and only if for any transformation σ of I we have Π i∈I P j = Π i∈I P σ(i) .
Proof.
1. Assume that the set P is consistent then it has an upper bound R = {r 1 , r 2 , · · · } which is a complete set of mutually orthogonal projections of H. Let Q ∈ P. By definition R Q. Let 0 = q ∈ Q and let R q be the sum of all elements of r ∈ R such that q ≥ r. Clearly R 2 q = R q = 0 and qR q = R= R q since rq = r for all r ∈ R q . Therefore q − R q is a projection and if q − R q = q(I H − R q ) = 0, then there exists r ∈ R such that q ≥ r and rR q = 0 which is a contradiction. Hence, q = R q . Therefore for each Q ∈ P, each q ∈ Q is the sum of some elements of R.
Let the mapping Q → Q from π(H) into P(R) be defined as follows, for each q ∈ Q, q → q, where q is the set of all summands of the projection q. Notice that q is the sum of some elements of R. Now it is clear that under this mapping we have the following bijective maps.
As a consequence of what we said above ∧ j∈J i ,i∈I P ij (resp.∨ j∈J i ,i∈I P ij ) is the greatest lower (resp. least upper) bound of P.
2. Assume that the set P is commutative. Then, there exists a unique complete set of mutually orthogonal minimal projections R = {r 1 , r 2 , , ...} such that for each i ∈ I we have P ij = ∞ k=1 ǫ ijk .r k . Where ǫ ijk is 0 or 1. Therefore, the set R is an upper bound of the family (P i ) i∈I and the set P is consistent.
Conversely, assume that P is consistent then as we saw above for each Q ∈ P each q ∈ Q is the sum of some elements of R. Therefore P is commutative.
Let M be a subset of B(H) and Π be a subset of π(H). For each element π of Π the subset ker(π) ∩ M of M will be denoted by ker M (π) and the set {ker M (π)|π ∈ Π} will be denoted by M. Sometimes we need to know if there is an element π of Π such that ker M (π) is a minimal element of the set M or not? As we will see in Lemma 5, if the partially ordered set Π has no minimal element the answer to the above question is "no". This fact and the so called "Axiom of choice" motivate the definition of "chain".
Definition 3
With the order relation , π(H) is a partially ordered set. Any well ordered subset of this partially ordered set will be called a chain. We say that the chain cc ′ is the concatenation of the chains c and c ′ if cc ′ is equal to the union of c and c ′ and the maximal element of c is less than the minimal element of c ′ . We say that the chain c 1 is a subchain of the chain c 2 , if the set c 1 is a subset of the set c 2 . A chain c will be called complete if there is no chain c ′ = c such that c is a subchain of c ′ .
Example 1
Let H be the state space of n qubits and let Q = Q 0 = {q 1 , q 2 , · · · , q 2 n } be a complete mutually orthogonal minimal projections of H. Then the set
is a chain, which is generally not complete.
Example 2
Let H be a Hilbert space and Q = Q 0 = {q 1 , q 2 , · · · , } be a complete set of mutually orthogonal minimal projections of H. For k ∈ N let Q k be the complete set of mutually orthogonal projections defined as follows,
It is not difficult to show that {Q k |l ∈ N} ∪ I H is a complete chain.
If a chain is complete, its minimum element is the identity mapping of H and its maximum element is a complete set of mutually orthogonal minimal projections of H.
Definition 4
Let T ∈ B(H) and Q = {q 1 , q 2 , ...} ∈ π(H). Then The element
will be called the Q-projection of T (see also [3] ) and for each q ∈ Q T q = qT q
The set of all Q-projections of elements of B(H) will be denoted by B Q (H) and for each q ∈ Q, B q (H) = {qT q|T ∈ B(H)}. The set B Q (H) is a complex subspace of the C * − algebra B(H), and the mappingQ from B(H) into B Q (H) defined byQ(T ) := T Q is a projection. For T and S in B(H) and Q ∈ π(H) we have (
Let H and H ′ be Hilbert spaces. Let P = {p 1 , p 2 , ..., } and Q = {q 1 , q 2 , ..., } be a complete set of mutually orthogonal projections of the Hilbert spaces H and H ′ . Then:
is a complete set of mutually orthogonal projections on H ⊗ H ′ . Let T (resp. S) be a bounded operator on H (resp. H ′ ). Then:
Lemma 2 1. The mappingQ is trace preserving.
3. A necessary and sufficient condition for T to be positive is that for each Q ∈ π(H), T Q be positive.
4. Let Q ∈ π 0 (H) and T ∈ B(H) be arbitrary. Then, T Q is always normal.
Proof.
Tr(T
Tr(q n T ) = Tr(T ) , since the sets Q ∈ π(H) are chosen to be complete (see Definition 1).
If
3. Let T ≥ 0; then, qT q ≥ 0 for each q ∈ Q so that T Q ≥ 0 for each Q ∈ π(H). Vice versa, if T Q ≥ 0 for each Q ∈ π(H), then, for each vector |v ∈ H, T r(|v v|T ) = v|T |v ≥ 0, since any such |v v| belongs to some Q ∈ π(H). Therefore, T ≥ 0.
4. Since in this case B Q (H) is a commutative algebra, the proof is clear.
Corollary 1
The restriction of the mappingQ to D(H) is a trace-norm preserving convex map from D(H) onto D Q (H).
Lemma 3
is continuous in the trace norm topology.
Let T ∈ B(H) be a self-adjoint element of B(H).
Then, T Q is equal to its spectral radius r. Let q ∈ Q and let qT q = r. Then
Since any T ∈ B(H) can be written as the sum of two self adjoint elementsQ is continuous.
Lemma 4
For each element T ∈ B(H) and each Q = {q 1 , q 2 , ...} ∈ π(H) we have:
1. T = T Q if and only if for each q n ∈ Q we have q n T = T q n .
2. Let S = S Q and for all q n ∈ Q , q n Sq n = q n T q n . Then, S = T Q .
3. Let T be a normal operator and f be a continuous function defined on a neighborhood of the spectrum of
1. Assume that T = T Q = n q n T q n . Then, for each q n ∈ Q we have
Conversely, if for each q n ∈ Q, T q n = q n T , then, completeness of Q yields
2. By hypothesis, S = S Q = n q n Sq n = n q n T q n = T Q .
3. The proof is a consequence of point 1 and of functional calculus.
Remark: Let Q = {q 1 , q 2 , ...} and P = {p 1 , p 2 , ...} be two complete sets of mutually orthogonal projections of the Hilbert space H such that for each i, the mapping q i : p i H −→ q i H is an isomorphism of complex vector spaces, and for i = j we have
This is a consequence of the theorem of spectral decomposition.
Lemma 5
Let T ∈ B(H) and P, Q ∈ π(H). If P Q then:
Proof. It is clear that for each element p ∈ P there exists exactly one element q 0 ∈ Q such that q 0 p = pq 0 = p and for other elements q ∈ Q we have qp = pq = 0. So
On the other hand for each q ∈ Q and each p ∈ P we have
, the proof of the second part is clear.
Lemma 6
Let T = T Q be an invertible element of B(H). Then
Proof. From Lemma 3 and the fact that qT = T q implies q = T qT −1 , it follows that T −1 q = qT −1 .
Let T = T Q be a normal operator. Then T Q is called a pseudo-spectral decomposition of T . Clearly, for each q ∈ Q, q(H) is invariant under T .
Lemma 7
Assume that T P is a pseudo-spectral decomposition of the operator T . Then for each S ∈ B(H), we have
Proof. We have (ST ) P = (ST P ) P . Therefore, for each p ∈ P we have p(ST )p = p(ST P )p = pSpT p = (pSp)(pT p). Therefore, (ST ) P = S P T P . The proof of the other equality is the same.
The previous lemmas lead to the following result.
Theorem 1
Let Q be in π(H). Then 1. B Q (H) is a unitary C * -algebra.
B(H)
is a left and a right B Q (H)-module.
The mappingQ from B(H) into
4. A necessary and sufficient condition for B Q (H) to be commutative is that Q be a complete set of mutually orthogonal minimal projections.
5. A necessary and sufficient condition for B Q (H) to be commutative is that for all i ∈ N the algebra B q i (H) be commutative.
Let S and T be in B(H). Then, in general ST
This fact motivate the following definition.
Definition 5
Let R be an n-ary relation on B(H) and let T 1 , T 2 , ..., T n ∈ B(H), (n may be infinity). We say that R(T 1 , T 2 , ..., T n ) is weakly true if, for each minimal projection q, R(T 1q , T 2q , ..., T nq ) is true.
For example, any two elements of B(H) always weakly commute. For some relations, being true or weakly true are equivalent. For example, if T ≥ S Then clearly, this relation is weakly true. Conversely let for each minimal projection q, T q ≥ S q . Then for each vector v ∈ H we have v|T − S|v ≥ 0. Therefore, T − S ≥ 0. The relation weakly equal will be denoted by = w . Let ρ ∈ D(H) be a diagonal matrix. Clearly, we can consider ρ as a classical probability distribution function. But if the density matrix ρ is not diagonal we can not interpret it in this way. The following definition serve to discriminate these two cases and it will play an important role in the sequel.
Definition 6
Let H be a separable Hilbert space and Q ∈ π 0 (H). The mapping ν : B(H) −→ R given by ν(T ) = T − T Q will be called Q-quantum complexity of T . When ν(T ) = 0, T is called Q-classical and when T Q = 0, T will be called Q-maximally nonclassical.
Example 3
Let H be a 2-dimensional Hilbert space with the standard basis {|0 , |1 }. Let X, Y , Z be Paoli density matrices on H and Q = {|0 0|, |1 1|}. Then, it is clear that Z is Q-classical and X and Y are Q-maximally nonclassical.
Quantum Source and Quantum Strategy
Let H be a separable Hilbert space, and let B B T (H) be the Borel σ-field of B T (H) and M be a subset of B T (H). The canonical σ-field of subsets of
Let M be a Riemannian manifold with metric tensor g and (U, x 1 , x 2 , · · · , x n ) as a local coordinate system on M. Then the restriction of the Riemannian volume element of M to U is
where |g| denotes the determinant of the tensor g. The canonical measure of M is the counting measure when M is "countable" and is the measure induced by the volume element dvol M when, M is a "Riemannian submanifold " of B T .
Definition 7
Let H be a separable Hilbert space and let ρ ∈ B + (H). We call ρ a semidensity matrix if Tr(ρ) ≤ 1.
Definition 8
1. Let M be a set of density matrices on H with its canonical σ-field Σ and its canonical measure µ. Then, the measure space (M, Σ, µ) or simply M will be called a quantum model on H.
2. More generally, if M consists of semi-density operators, then (M, Σ, µ) or simply M will be called a generalized quantum model on H 3. For each Q ∈ π(H), the set M Q = {ρ Q |ρ ∈ M} is a Q-(generalized) quantum model.
Remark 1
Let M be a generalized quantum model consisting of nonzero semi-density matrices and let n be a nonzero positive integer. Then, for each ρ ∈ M we set
Then, the set M (n) = {ρ (n) |ρ ∈ M} is a generalized quantum model on H (n) . Let M ′ be a generalized quantum model which does not contain the trivial semi-density matrix 0. Then, the set M = { from M ′ into M will be denoted by ω.
Definition 9
The generalized quantum model M will be called Bayesian if M ρdµ(ρ) exists and is a semi-density matrix.
Definition 10
1. For each n ∈ N letρ (n) ∈ B + (H (n) ) be a (semi-)density matrix. Then the sequence (ρ (n) ) n∈N will be called a (generalized) quantum source.
2. It is called a (generalized) prequential quantum source if for all n ∈ N we have tr n (ρ (n) ) =ρ (n−1) .
Notation:
In this paper, we will denote any (generalized) quantum
or simply by q (n) .
Lemma 8
Let M be a Bayesian generalized quantum model, and letρ
. Then, the sequence (ρ (n) ) n∈N is a prequential generalized quantum source.
Proof. For each n ∈ N clearly we have tr n+1 (ρ (n+1) ) = ρ (n) . Therefore,
Convention 1
Let H 1 and H 2 be Hilbert spaces, and let T ∈ B(H 1 ⊗ H 2 ) and T 1 ∈ B + (H 1 ). In this case for simplicity the operator (T 1
⊗I 2 ) will be denoted by T 1 .T. Here I 2 is the identity mapping of H 2 .
Definition 11
1 .ρ will be called the conditional density matrix of ρ on H 2 conditioned on ρ 1 ∈ D(H 1 ). Clearly we have:
Remark 2
In this paper, for each operator T when we need the inverse of T , we assume that it is invertible. In the general case one can use the so-called "MoorePenrose" inverse of T .
Lemma 9
Let Q ∈ π 0 (H 1 ) and P ∈ π 0 (H 2 ). Assume that the density matrix ρ have the following spectral decomposition
Then for each i ∈ N the operator
is really a density matrix.
Proof. The operator ρ |(1) is positive. Therefore, ρ |i is clearly positive. Now we are going to prove that Tr(ρ |i ) is equal to 1. Clearly, we have
Therefore ρ |i is a density matrix.
Lemma 10
be a positive operator on H 1 ⊗ H 2 such that for each i ∈ N, tr 1 (q i .T ) be a density matrix on H 2 , and
Proof. Clearly, ρ is a positive operator of H 1 ⊗ H 2 . On the other hand,
Therefore, ρ is a density matrix on H 1 ⊗ H 2 . Now,
Since for all Q ∈ π 0 (H), B Q (H (2) ) is a commutative C * -algebra, in general, T ∈ B T (H (2) ) and (tr 2 T ) ⊗ Iweakly commute.
Convention 2
Letρ = (ρ (n) ) n∈N be a quantum source. Then, for each n ∈ N, the operator (ρ (n−1) ) −1 ·ρ (n) will be denoted byρ n|(n−1) .
Remark 3
We set ⊗ 0 H = {0}. Clearly, the only linear transformation of this vector space is the identity I 0 . For consistency we set Tr(I 0 ) = 1. Moreover, for each T ∈ B(H), T 0 = I H .
Lemma 11
Let U ∈ B(H) be a unitary operator andρ be a prequential quantum source.
) n∈N is also a prequential quantum source.
Proof.
Obviously any elementρ (n+1) ∈ B(H (n+1) ) can be written as
is a prequential quantum source we have
Therefore,
Therefore, UρU † is a prequential quantum source.
Definition 12
Let M be a (generalized) quantum model andρ be a (generalized) quantum source. Let Q ∈ π(H), we say thatρ = (ρ (n) ) n∈N is 1. Universal relative to M if for each ρ ∈ M and for each ǫ > 0 there exists an n 0 ∈ N such that for all n > n 0 we have:
Universal in the expected sense related to M if:
3. Q-Universal relative to M if for each ρ ∈ M and for each ǫ > 0 there exists an n 0 ∈ N such that for all n > n 0 we have:
In the above if ǫ does not depend on ρ,ρ is called uniformly (Q-)universal.
Lemma 12
With the above notations and conventions 1 implies 2.
Proof. Clearly we havē
Example 4
Let M be a Bayesian countable generalized quantum model consisting of nonzero semi density matrices and let M ′ be its associated quantum model. Then for each element ρ * ∈ M and each n ∈ N we havē
Now let ǫ be given and let n 0 ∈ N be such that
Letρ be the density matrix associated with ρ * . Then, for each n ≥ n 0 we haveρ
Therefore,ρ is universal for M ′ .
Example 5
Let Q ∈ π 0 (H) and M be a quantum model on the Hilbert space H. For each I ∈ N n let
It is straightforward to see that ρ = (ρ (n) ) n∈N is a uniformly universal quantum source relative to M.
Theorem 2
Let H be a separable Hilbert space and Q ∈ π 0 (H). Let M be a quantum model which is a compact Riemannian submanifold of B T (H), consisting of regular density matrices. Assume that
2. There exists a positive real c > 0 such that for all q ∈ Q, qρ≥ cq.
Where ρ q ∈ M is such that we have
Moreover, for each n ∈ N letĀ
, and A (1) = A. Then the sequence (Ā (n) ) n∈N is uniformly Q-universal for M.
Proof. Let ǫ > 0 be given and let δ = c(1 − 2 −ǫ/2 ) > 0. Now for all ρ * q ∈ B(ρ q , δ) we have
and it is straightforward to see that for all ρ * q ∈ B(ρ q , δ) we have qρ *≥ 2 −ǫ/2 qρ. Now let β = min ρ∈M p(ρ). Moreover since M is compact as it is proved in [2] there exists a constant v > 0 such that for all ρ ∈ M we have
Let k ∈ N be such that βv ≥ 2 −kǫ/2 Then we have
Let n ∈ N be greater than k. Then from the above it is evident that for all ρ ∈ M we have
And for each ρ ∈ M we havē
Therefore, the quantum source (ρ (n) ) n∈N is uniformly Q-universal for M.
Corollary 2
Let H be a finite dimensional Hilbert space and Q ∈ π 0 (H). Let M be a quantum model which is a compact Riemannian submanifold of B T (H) consisting of regular density matrices. Assume that p : M−→]0, ∞[ is a continuous function. Then, with the above notations the sequence (Ā (n) ) n∈N is Q-universal for M.
Lemma 13
S M the set of all Q-universal (prequential) quantum source for the quantum model M is a convex subset of D Q (H).
Proof. Letρ 1 andρ 2 be two Q-universal quantum source for the quantum model M. Let ρ ∈ M and ǫ > 0 be given. For simplicity we omit the index q ∈ Q. Then there exists n 0 ∈ N such that for k = 1, 2 we have:
Let α and β be two positive real numbers such that α + β = 1. Then
Therefore S M at each level n is convex. On the other hand,
where (S M ) (n) = {ρ (n) |ρ ∈ S M }, Therefore
Definition 13
Let Q = {q 1 , q 2 , ...} be a complete set of mutually orthogonal minimal projections of the Hilbert space H and for each n ∈ N letρ (n) =ρ
such that for all n > 1 and q
.(ρ (n) )) = 1. Then the sequenceρ = (ρ (n) ) n∈N will be called a Q-quantum strategy, and for simplicity the density matrix q
Theorem 3
Letρ be a Q-quantum strategy. Let us define the sequence (ρ (n) ) n∈N recursively as follows:
The proof is a direct consequence of Lemma 11 and Lemma 12.
Lemma 14
Let (ρ (n) ) n∈N be a Q-quantum strategy and (ρ (n) ) n∈N be its associated Qquantum source. Then for each T ∈ B(H), Tρ =ρT if and only if Tρ =ρT .
The proof is straightforward.
Remark 4
For future applications we mention that because of the equalityρ (n+1) = ρ n|(n+1) , Q-quantum strategies are also called Q-quantum estimators. Let (ρ (n) ) n∈N be a prequential quantum source. It is straightforward to see that (ρ (n) Q ) n∈N is a prequential Q-quantum source and gives rise to a Q-quantum strategy.
Definition 14
A quantum estimator (ρ (n) ) n∈N is called good with respect to a quantum model M if its associated prequential source is universal for M.
Quantum Exponential Families
The material in this section is extracted from [10] with necessary modifications.
Let H be a separable Hilbert space, n ∈ N and Θ can ⊆ R n . Let ψ : Θ can −→ R and T = (T 1 , T 2 , ..., T n ), where for n ≥ k ≥ 1, T k is a bounded self-adjoint operator. Let ρ 0 be a regular density matrix of H. Assume that
where for θ = (θ 1 , θ 2 , ..., θ n ) ∈ Θ can , θT = Σ n k=1 θ k T k . and the set {ρ θ |θ ∈ Θ can } is a quantum model. Then, the family (ρ θ ) θ∈Θ is called an n-dimensional quantum exponential family.
For more details on exponential families and quantum exponential families see [10] , [22] .
In this paper for simplicity we assume that Θ can is an open interval of R and ψ is smooth on a neighborhood of the closure of Θ can . Now, assume that Q ∈ π 0 (H) and T = T Q . From the equality 1 = Tr(ρ θ Q ) = Tr(exp(θT − ψ(θ))ρ 0Q ), we have T r(exp(θT )ρ 0Q ) = exp(ψ(θ)). And from this we have
and
Where I θ is the Fisher information of the associated Q-exponential familyQ(ρ θ ) at θ. It is not difficult to prove that I θ is strictly positive on Θ can . Therefore, the mapping µ :
Clearly we have {ρ θ |θ ∈ Θ can } = {ρ t |t ∈ Θ mean }. Now, assume that α 0, and t 0 ∈ Θ mean . For each n ∈ N and for each I ∈ N, lett
Assume thatt (α,t 0 ,I) is in Θ mean and (ρ (n) ) n∈N is the quantum strategy defined by
This quantum strategy is a good quantum estimator. Let (ρ (n) ) n∈N be the associated Q-universal quantum source for M. Then, as it is proved in [10] with some obvious modifications one can show that for all ρ ∈ M we have
Quantum Prediction and Quantum Estimation
As we said in the introduction Quantum Prediction and Quantum Estimation are important subjects of Quantum Statistical Inference. To do this "Following the general MDL principle our strategy is invariably to design a universal quantum source relative to the given quantum model and base all inferences on it." [10] page 470 with some modifications.
Quantum strategyρ (n) : Let H be a separable Hilbert space and let M be a generalized quantum model and Q ∈ π 0 (H). Letρ (n) ∈ B + (H (n) ) be such that for all I ∈ N (n−1)
we have
Clearly,ρ = (ρ (n) ) n∈N is a Q-quantum strategy forṀ the quantum model associated to M.
In many cases, for example when M consists of a quantum exponential family, as we have mentioned in Section 6,ρ is a good Q-quantum strategy for M. The Q-quantum strategyρ = (ρ (n) ) n∈N enables us to predict the n − th outcome of the measurement Q knowing the (n − 1) previous ones. Moreover, we can considerρ as an estimator which enables us to estimate the state of the quantum system knowing the outcomes of (n − 1) measurements. Now, let M be an n-dimensional compact Riemannian submanifold of the Hilbert space (B T (H), .|. ) consisting of semi-density matrices, where for ρ and ρ ′ in B T (H), ρ|ρ ′ = Tr(ρρ ′ ). Let the (generalized) quantum model (M, Σ, µ) be its associated canonical measure space. To obtain q I (n−1) .ρ (n) , let Z be the set of all extremum points of the smooth function h : ρ −→ Tr(q (n−1 I ρ (n−1) ) on M, and let Z ′ be the set of all elements ρ ∈ Z at which the bundle map Hessian(h) : T M −→ T M is negative. Clearly, Z ′ is the set of all maximum points of h. Now, let ρ 0 be the element of Z ′ with least trace. Then, q I (n−1) .ρ (n) = ω(ρ 0 ). If there are more than one ρ 0 in Z ′ we do not have any further preference among them.
Consistency of Our Method
Consistency is a very important property of different methods of statistical (inductive) inferences. Let us explain briefly what we mean by it.
Assume that H is a separable Hilbert space and M is a quantum model on H. we say that a method of quantum statistical inference is consistent with respect to M if for ρ 0 ∈ M and Q ∈ π 0 (H), we perform the quantum measurement Q on the quantum system H at the state ρ 0 repeatedly and obtain more and more data the state yielded by the method is more and more close to the state ρ 0 in some sense.
In this section we investigate some different notions of consistency.
Consistency in the Sense of Probability Convergence
Let H be a separable Hilbert space and Q ∈ π 0 (H). Let ρ be a density matrix on H and for each n ∈ N let P n be a unary relation on Q (n) . Then the semi-density matrix
(n) will be denoted by ρ(P n ). Now let ρ ′ be also a density matrices on H. For each n ∈ N, and δ > 0 let P n δ be the unary relation
Definition 15
Under the above notations and conventions we say ρ ′ is asymptotically distinguishable from ρ if for all δ > 0 we have lim n→∞ ρ(P δ n ) = 0. Now let M be a generalized quantum model on H andρ n be defined as follows
Assume that M ′ is a quantum model. Then the unary relationρ (n) (q
Now we have the following important consistency theorem.
Theorem 4
Let H be a separable Hilbert space and Q ∈ π 0 (H). Let M be a generalized quantum model. Assume that for all n ∈ N,ρ (n) is defined as above. Leṫ M be the quantum model associated with M and ρ ′ ∈ M and ρ * = ω(ρ ′ ) ∈ M. LetM be the subset ofṀ consisting of density matrices asymptotically distinguishable from ρ * . Then
Proof. Let D ⊂ Q * be defined as follows:
is in D if and only if there exists an element
Let the mapping η : D −→ M be a function with the following property For each q (n) ∈ D, if there exists ρ ∈ M satisfying the above inequality and ω(ρ) ∈M then η(q (n) ) = ρ. Otherwise, η(q (n) ) = ρ is an element of M with the above property. Let M 1 be the image of D under ω • η, and M 2 = M 1 ∪{ρ * }. Clearly, M 2 is a countable set and for each n ∈ N we have
Let M * =M ∩ M 2 . Now, in the countable quantum model M 2 , the set of all elements assyptotically distinguishable from ρ * is M * . The rest of the proof is the same as the proof of Theorem 5.1 of [10] .
Consistency in the sense of Cezaro, Hellinger and
Re'nyi divergence Theorem 5 Letρ and ρ * be Quantum sources. Then D(ρ
Proof. Assume that Q is a complete set of mutually orthogonal minimal projections. For the moment we assume that ρ * (n)
Q (n) are invertible. For simplicity we omit the subscript Q (k) . By definition, and previous lemmas and theorems we have:
(See also [10] .) Theorem 6 (Convergence Theorem for quantum Estimators) (Barron 1998) Let H be a separable Hilbert space and Q ∈ π 0 (H). Let M be a set of quantum sources on H, andρ be a prequential Q-universal quantum source with respect to M. Thenρ the Q-quantum estimator associated with Q-universal quantum sourceρ
Q is Cesaro consistent with respect to M. In other words
The proof is a consequence of the definition of Q-universal element and lemma 14.
Before going further in this direction, we give the following definitions.
Definition 16
Let ρ, ρ ′ ∈ D(H) , and λ > 0 be a real number. Then 1) The Hellinger distance of ρ and ρ ′ is defined as follows
2) The renyi divergence of order λ of ρ and ρ ′ is defined as follows
Now let α > 1 and M be a generalized quantum model. For each ρ ∈ M let
and letρ n = ω(argmax ρ∈M q (n) ρ ′ (n) q (n) ) and if the maximum is achieved by more than one ρ we take the one with the greatest trace. Letρ
. Assume thatρ = (ρ n ) n∈N is Q-universal for the quantum model associated with M. Then we have the following theorem
Theorem 7
Under the above notations and conventions for all 0 < λ ≤ 1 − 1/α we have
And for α = 2 we have
Proof. LetM n be a Bayesian countable subset of the quantum model assotiated with mathcalM andρ n be in it. The rest of the proof is the same as the proof of Theorem 15.3 of [10] with obvious modifications. Clearly, the function t is a homeomorphism from
The function t defined in the above remark will be used in the following lemma.
Lemma 15
Let ǫ < 1 be a nonzero positive real number and let I = [ǫ, ∞[. Let F ∈ C 1 (I, R + ) be increasing and its derivative f be decreasing. Assume that (a n ) n∈N is a sequence of nonnegative real numbers. Moreover, let g : [1, ∞[−→ [0, ∞[ be a continuous function such that for all x ≥ 1 we have g(x) = f • t −1 (x). Then 1. A necessary and sufficient condition for
is that a n = O(g(n)).
2. lim n→∞ n i=1 a i /n = 0 if and only if lim n→∞ a n = 0.
Assume that
. Then there exists a constant c ∈ R such that for all n ∈ N greater than some n 0 we have
Where, n ≤ θ n ≤ n + 1. Since the continuous function f is decreasing, f (θ n ) ≤ f (n). Hence, a n+1 ≤ cf (n). Therefore, a n = O(g(n)).
Conversely, In approximating the integral by sum we have
2. From the equality lim n→∞ a n = 0 it follows that for each ǫ > 0 there exists n 0 ∈ N such that for all n > n 0 , we have a n ≤ ǫ. Therefore, for all large n we have n i=1 a i /n ≤ 2ǫ. Since ǫ is arbitrary we have lim n→∞ n i=1 a n /n = 0. Conversely, assume that lim n→∞ n i=1 a n /n = 0. Therefore, for each ǫ > 0 there exists n 0 ∈ N such that for all n ≥ n 0 , we have
Hence,
Therefore, lim n→∞ a n = 0.
Remark 6
The above lemma is also true when f : I −→ [0, ∞[ is a bounded continuous function with finite number of extremum point, and the proof is like above with some modifications.
Definition 17
Let ρ * andρ be quantum sources. Then,
2. The Cesaro risk of ρ * andρ is
The following equality is a consequence of Lemma 17 and the definition of KL-risk.
See also [10] .
Theorem 8
Let ρ * = (ρ * (n) ) n∈N andρ = (ρ (n) ) n∈N be Q-quantum sources over the Hilbert space H. Then 1. lim n→∞ Risk n (ρ * ,ρ) = w 0 if and only if lim n→∞ Risk n (ρ * ,ρ) = w 0.
2. Let ǫ be a nonzero positive real number and let I = [ǫ, ∞[. Let F ∈ C 1 (I, R + ) be increasing and its derivative f be decreasing. Then, Risk n (ρ * ,ρ) = w O(g(n)) if and only if Risk n (ρ * ,ρ) = w O((F (n) + 1)/n). Where, the function g is defined in the above lemma.
Proof. The proof is a consequence of the definitions and the above lemma. See also [10] .
Example 6
From what we have said in Section 6 the Bayesian predictive density matrix for exponential family converges at rate O(log(n)/n) in terms of Cesaro risk.
Classical or Quantum Probability
Assume that A is a quantum system with the state space H and M is an appropriate quantum model and Q ∈ π 0 (H) is a quantum measurement. Let q (n) I ∈ Q (n) be the outcome of n times measurement of the system at state ρ. We want to know whether ρ is Q-classical or not. To solve the problem we proceed as follows:
Where,γ(ρ) = ν(ρ) + S(ρ), ν(ρ) is the quantum complexity of ρ and S(ρ) is the von Neumann entropy of ρ Q Finally we try to obtain a maximum element of the set M ′ . with the help of the given data q (n) I . If there exist more than one maximum elements we choose ρ with minimumγ(ρ). If there exists only one maximum element ρ with this property, then:
i) If ν(ρ) = 0, the state of the system is Q-nonclassical. ii) If ν(ρ) = 0, the state of the system is Q-classical.
And if the cardinality of the set M of elements with this property has more than one element, then i) If ν(ρ) = 0, for all ρ ∈ M then the state of the system is Q-nonclassical. ii) If ν(ρ) = 0, for all ρ ∈ M then the state of the system is Q-classical. iii) Otherwise, the state of the system indifferently may be Q-classical or Q-nonclassical.
Let us illustrate our explanations about our method by the following example.
Example 7
Let the quantum exponential family (ρ t ) t∈R be defined as follows now we perform measurement on the state space H, the two dimensional Hilbert space, by the system of measurement Π = {q 0 = |0 0|, q 1 = |1 1|} n times and obtain n 0 times q 0 and n 1 times q 1 . We want to estimate the state of the system. Let ρ T , T = argmax t {e −γ(ρ) (q 0 ρ t q 0 ) n 0 (q 1 ρ t q 1 ) n 1 } be the estimator obtains by our method. Letγ(ρ) = ν(ρ) + γ(ρ) be as above. Clearly T = argmax t {e −γ(ρt) (q 0 ρ t q 0 ) n 0 (q 1 ρ t q 1 ) n 1 } = argmax t {−(ν(ρ t ) + γ(ρ t )) + t(n 0 − n 1 ) − n ln(e t + e −t )} where, e t + e −t ) = t tanh(t) − ln(e t + e −t ) ν(ρ t ) = x 0 e t + e −t Therefore, T = argmax t −(
x 0 e t + e −t + t tanh(t) − ln(e t + e −t )) + t(n 0 − n 1 −n ln(e t + e −t ).
equivalently, d −(
x 0 e t + e −t + t tanh(t) − ln(e t + e −t )) + t(n 0 − n 1 ) − n ln(e t + e −t ) dt t=T = 0 or (k − n)y 4 + x 0 y 3 + 2ky 2 − x 0 y − 4y 2 ln y + k + n = 0 where n 0 − n 1 = k and e T = y. It is easy to see that the best estimation according to the MLE is y = n + k n − k , which doesn't depend on x 0 and doesn't get any information about it. As the following table shows the estimator obtained by our method is eventually the same as the ML estimator. 
